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Introduction

Geophysical flow analysis

Satellite images have a great potential for submesoscale analysis

Image data are only poorly taken into account in data assimilation

Objective

Explore stochastic filtering techniques for flow reconstruction
directly from image sequences



Stochastic filtering in a non linear setting

Principle

Given dxt = M(xt)dt + σ(t)dBt and yk = H(xk) + γk

Estimate the pdf p(x0:k |y1:k) = p(x0:k−1|y1:k−1) p(yk |xt=k )p(xt=k |xk−1)
p(yk |y1:k−1)

Gaussian linear model: Kalman Filtering

E(xk |y1:k) = xak = xk|k−1 + K(yt −Hxk|k−1),

K = Σk|k−1HT (HΣk|k−1HT + R)−1

E((xk − xak)(xk − xak)T |y1:k) = Pa
k = (I−KH)Σk|k−1

High dimensional extension: Ensemble Kalman Filtering [Evensen 94]

Kalman updates computed from a set of samples x
(i)
t , i = 1, . . . ,N



Particle Filter

Non-linear dynamics and observations
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Ensemble Kalman filter extension

Importance distribution

Bootstrap filter

π(xk |x(i)
0:k−1, y1:t) = p(xk |x(i)

k−1)⇒ w
(i)
k ∝ ω

(i)
k−1p(yk |x(i)

k )

⇒ strong limitation in high dimensional space

Ensemble Kalman proposal distribution [Papadakis et al 10]

π(xk |x(i)
0:k−1, z1:k) = p(xk |x(i)

k−1, yk) ≈ N (xak , (I−KeH)Σe
k|k−1)
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Ensemble Kalman filter extension

Importance distribution

Bootstrap filter
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kXf
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kH(Xf

k)T (H(Xf
k)H(Xf
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Ensemble Kalman filter extension

Ensemble Transform Kalman filter [Bishop et al 01, Tipett et al 03,
Wang et al 04, ... ]

Provides an estimate of

Pa
k = Xf

kAkAT
k Xf

k

T

AkAT
k = (I + H(Xf

k)
T

R̃−1H(Xf
k))−1

Eigenvalue decomposition of H(Xf
k)

T
R̃−1H(Xf

k) = UkΛkUT
k

Yields the mean preserving square root

A = Uk(I + Λk)−1/2UT
k

Analysis perturbation ensemble and mean update

Xa
k = Xf

kAk , and x̄ak = x̄fk+(N−1)−1Xf
kAkAT

k H(Xf
k)

T
R−1(yk−H(x̄fk))



Ensemble Kalman filter extension

Weighted Ensemble Transform Kalman filter

At iteration k

Get x
a,(i)
k from the forecast and analysis steps of ETKF:

Forecast: for all i = 1, . . . ,N, simulate x
f ,(i)
k from x

a,(i)
k−1

Analysis: Compute x
a,(i)
k from ETKF update.

Compute weights ω
(i)
k ∝ p(yk |xa,(i)k ).

Resample particles to obtain {x(i)
k , i = 1, . . . ,N} and set ω

(i)
k = 1

N
for all i = 1, . . . ,N.



Vorticity recovering from image data

Filtering system

Dynamics

dξ +∇ξ ·wdt =
1

Re
∆ξdt + σQdW ,

dW isotropic Gaussian field

Q(r, τ) = E(dW (x, t)dW (x + r, t + τ)) = gλ(r)dtδ(τ),



Vorticity recovering from image data

Filtering system

Measurements
1) Local motion mesurements and motion uncertainties

ξ̃k = ξ + γk

p(ξ̃k |ξ
(i)
k ) ∝ exp

(
−1

2
(ξ̃k − ξ

(i)
k )TR−1(ξ̃k − ξ

(i)
k )

)
2) Image reconstruction error

I(x, k) = I(x + dk+1(x), k + 1) + ηk

p(Ik |ξ(i)
k ) ∝ exp

(
−
∫

Ω

1

σ2(x)

(
I (x, k)− I (x + d(i)(x), k + 1)

)2
)
dx.

σ2
k(x) =

1

N − 1

N∑
i=1

(I (x + d(i)(x), k + 1)− Id(x, k + 1))2 + ε,



Results: 2D DNS sequence

passive scalar vorticity



Results: 2D DNS sequence - RMSE - Energy Spectrum

RMSE vorticity Energy Spectrum



Results: 2D DNS sequence - Error energy Spectrum -
different numbers of particles
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Results: 2D DNS sequence

Filtering results (initialization with local motion estimates)



Results: 2D experimental turbulence

wobs WETKF (wobs) WETKF (Îk+1 − Ik)



Results: 2D experimental turbulence

wobs WETKF (wobs) WETKF (Îk+1 − Ik)



Results: Oceanic SST images

SST Off the Panama istmus during El Nino southern oscillation (48 days)



Results: Oceanic SST images

SST Off the Panama istmus during El Nino southern oscillation (48 days)



Conclusion

Conclusion

Study of mean preserving square root filters as proposal distribution
of a particle filter

Use of a nonlinear image reconstruction operator for the direct
assimilation of image data
⇒ much more efficient than velocity pseudo observations

ETKF or WETKF needs a relatively high number of particles to get
accurate results

Perspectives

Definition of better norm for the likelihood

Improve the weight computation

Extend the approach to realistic oceanic models
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